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1 Introduction

Definition 1. Pell’s equatioris a diophantine equation of the form x dy? = 1, x,y € Z, where d
is a given natural number which is not a square.
An equation of the formx- dy? = a for an integer a is usually referred to azll-type equation

An arbitrary quadratic diophantine equation with two unkng can be reduced to a Pell-type
equation. How can such equations be solved? Recall thatthergl solution of a linear diophantine
equation is a linear function of some parameters. This doebappen with general quadratic dio-
phantine equations. However, as we will see later, in the ofsuch equations with two unknowns
there still is a relatively simple formula describing thengeal solution.

Why does the definition of Pell’s equations asstarie not a square? Well, fat = ¢, c € Z,
the equation® — dy? = a can be factored ax — cy)(x+cy) = aand therefore solved without using
any further theory. So, unless noted otherwiseiill always be assumed not to be a square.

The equation® — dy? = a can still be factored as

(x+yVd)(x—yvd) =a.

In order to be able to make use of this factorization, we meat @ith numbers of the form+y+/d,
wherex,y are integers. This set is denoted Bjt/d]. An important property of this set is that the
sum and product of two of its elements remain in the set fiie.get is really a ring).

Definition 2. The conjugateof number z= x4+ yv/d is defined ag = x— yv/d, and itsnorm as
N(z) =z=x2—dy € Z.

Theorem 1. The norm and the conjugate are multiplicative in Zizi¥») = N(z1)N(z) andziz; =
-7

Proof is straightforward
In terms of these concepts, equatidn- dy? = a can be rewritten as
N(z) =a, wherez=x—yvd e Z[Vd].

In particular, the Pell's equation becomi&z) = 1, z € Z[+/d]. We continue using these notation
regularly.
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Sincez is a solution to a Pell-type equation if and only if so-g, we always assume w.l.0.g.
thatz> 0.

Solutions of a Pell’s Equation
A Pell's equation has one trivial solutiofx,y) = (1,0), corresponding to solution= 1 of equation
N(z) = 1. But if we know the smalleston-trivial solution, then we can derive all the solutions. This
is what the following statement claims.

Theorem 2. If zq is the minimal element &[+/d] with z > 1 and N(z) = 1, then all the elements
ze€ 7Z[v/d] with Nz= 1 are given by z= +7}, n€ Z.

Proof. Suppose thall(z) = 1 for somez > 0. There is a unique integ&rfor which z‘(‘, <z< zé”.
Then the number; = zz* = zz* satisfies 1< 2 < zp andN(z1) = N(zN(z0) K =N(z2) = 1. It
follows from the minimality ofzy thatz; = 1 and hence = z‘(‘, O

Corrolary. If (xp,¥o) is the smallest solution of the Pell's equation wittgiven, then all natural
solutions(x, y) of the equation are given by+yv/d = +(xo + Yov/d)", n € N.

Note thatz = x+ yv/d determinesx andy by the formulasx = 5% andy = \;f Thus all the

solutions of the Pell’'s equation are given by the formulas
247 BT
2 2vd

Example 1. The smallest non-trivial solution of the equatidny? = 1is (x,y) = (3,2). Therefore
for every solutior(x,y) there is an integer n such thatixyv/d = +(3+ 2v/2)". Thus

X=

CB+2v2)"+(3-2V2)" (3+2v2)"—(3—2V2)"
- 2 y Y= 2\/2 .

Now we will show that every Pell’'s equation indeed has a mosiat solution.

Lemma 1 (Dirichlet’s theorem). Leta be an irrational number and n be a positive integer. There
exist pe Z and qe {1,2,...,n} such thaq ’ < n+1)q
Proof. The stated inequality is equivalent|go — p| < n+1
Let, as usual{x} denote the fractional part of real Among then+ 2 numbers 0{a }, {2a},
., {na}, 1 in the segmenD, 1], some two will differ by less thar;\%. If such are the numbers
{ka} and{la}, it is enough to set| = |k—I|; and if such ardka} and 0 or 1, it is enough to set
g= k. In either casep is the integer closest t. O

Lemma 2. If a is an arbitrary real number, then there exist infinitely manayjrs of positive integers
(p.,q) satisfying’a — g’ < q—12
Proof immediately follows from Dirichlet’s theorenm

Theorem 3. A Pell's equation has a solution in the set of positive intege

Proof. Applying L.2 to a = v/d, we see that there exists an integewith In| < 2v/d+1 such
that the equation® — dy? = n has infinitely many positive integral solutiofs y). It follows that
there are two different ones, séx,y1) i (X2,Y¥2), that satisfyx; = X, andy; = y» (modn). Denote
71 = x1+Yy1v/d andz = X+ y»v/d and assume, > z,. Thenzg = 71/2, > 1is an element QZ[\/H}
of norm 1 and corresponds to a non-trivial solut{eg, yo) of the Pell’s equation
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2 Pell-type Equations

A Pell-type equation in general may not have integer sahstigor example, the equatioR — 3y? =
2). When it does, it is possible to describe the generalisoiut

Theorem 4. Equation ¥ — dy? = —1 has an integral solution if and only if there exisiszZ[/d]
with Z = z,.
Proof. The "if” part is trivial. For the other direction we considdre smallest solutiom = z; €

Z[+/d] of the equatiorN(z) = —1 satisfyingz > 1 and, like in theorem 2, deduce thatlz < z.
Sincez =22 < Z3 is a solution oN(z) = 1, we must haveZ = zy. O

Consider the general equatibifz) = a. Like in the theorem 1, one can show that all its solutions
can be obtained from the solutionwvith 1 < z < 7y, wherez, is the smallest non-trivial solution of
Pell's equatiorN(z) = 1. Thus it is always sufficient to check finitely many valuex.oMoreover,
there is a simple upper bound for those

Theorem 5. If a is an integer such that the equatior(2) = x> — dy? = a has an integer solution,
2\/_

Proof. If z; is a solution of the equatioN(z) = a, then there isn € Z for whicha/,/z < 7'z <
a,/z0. Thenz, =732y = X+ yv/d is a solution of the equatidN(z) = 1 and satisfies

. 2_
then there is a solution withx| < <Bt- \/ |a| and the corresponding upper bound fory, / ¥2.

a 1
max ‘t—i—?‘ = i\/|a\. a

2|x
X = [a/\/_a\/— V2o

Y4) +
Yl

Example 2. Find all integer solutions of&— 7y? = 2.

Solution. The mimimal solution of the corresponding Pell’'s equat®ni= 8+ 3v/7. We must find
the solutionsz = x+y+/7 of N(2) = 2 satisfyingx < 20“\/5 3andy = \/¥-2 < 1. The only
such solution iz = 3+ /7. It follows that all solutlonséx, y) of the given equation are given by

X+yW7=+B+V7)(8+3V7)", neN. A

3 Problems with Solutions

1. Solve in integers the equatiefi+ y> — 1 = 4xy.

Solution. Substitutingu = y— 2x reduces the equation t8 = 3x? + 1 whose general solution
is given byx+uv/3 = (2+v/3)".

2. For a given integed, solvex? — dy? = 1 u skupuracionalnihbrojeva.

Solution. No knowledge of Pell's equation is required here. £grl we haved () = iyl

Setting Y7 =t € Q we easily obtairx = gt;l iy=

1

3. Let(x,y) = (a,b), a,b € N be the smallest integer solution gt —dy? = 1. Consider the
sequence defined by = 0, y; = b, Yn11 = 2ayn — yn—1 for n > 1. Show tha1ayzn +1lisa
square for each. Show that ifay? + 1 is a square for somee N, theny = y,, for somen.

n
Solution. Let X, + Y, = <a+ b\/a) . All solutions(x,y) of x> = ay? + 1 are given by(x,y) =
(Xn,Yn) for somen. We have

vo=>—((a+bvd) - (a-bvd)"). ey

1
2vd
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Sincea+ by/d are the solutions of the quadratic equatidr- 2ax+ 1 = 0, relation (1) easily
implies thaty;, . , — 2ay,,, ; +Yn = 0. Therefore the sequencg@s) and(yy) satisfy the same
initial conditions and recurrent relation and must be equihe statement of the problem
follows immediately.

. Prove that % + 4 or 5 — 4 is a perfect square if and only Xfis a term in the Fibonacci
sequence.

. Find alln € N such tha n =2 n + n for some natural numbér< n.
k—1 k k+1

Solution. Multiplication by M transforms the equation inkgk+ 1) = 2(k+1)(n—

kK+1)+ (n—k)(n—k+1), which is simplified a®? + 3n+ 2 = 2k? + 2k, i.e.
(2n+3)24+1=2(2k+1)2

The smallest solution of equatio®— 2y> = —1is (1, 1), and therefore all its solutior(;, ;)
are given byx +yiv2 = (1++v/2)*+1. Note that; andy; are always odd, so = %2 is an
integer and a solution to the problem. Clearly, there arethersolutions.

. Letae N andd = a?—1. If x,y are integers and the absolute valugrof= x* — dy? is less
than 22+ 2, prove thatm| is a perfect square.

Solution. The smallest solution dfi(z) = 1 isz = a++/d. If N(z) = mhas a solution, then
by the theorem 5 it also has a solutipa: x+y+/d in whichx < ZO” ,/\m \/ a+1\m| For
|m| < 2a+ 2 this inequality becomes< a+ 1, and thugx,y) = (a 1) andm=1ory=0and
m=x2.

. Prove that iiln= 2+ 2v/28n? 4 1 is an integer for some c N, thenmis a perfect square.
Solution. We start by finding those for whichmis an integer. The pair§ — 1,n) must be a

solution of Pell’'s equatior? — 28y? = 1 whose smallest solution {8, yo) = (127,24); hence
P —1+ny/28= (127+ 24,/28) for somek € N. Now we have

m= 2+ (1274 24v28)X + (127 24v28)F =
whereA = (84 3v/7)K+ (8 — 3v/7)Kis an integer.

. Prove that if the difference of two consecutive cube®js € N, then - — 1 is a square.
Solution. Let (m+1)3 —m? = 3n? + 3m+ 1= n2. Then(2n)? = 3(2m+1)?+ 1, so(2n, 2m+
1) is a solution of Pell's equatior’ — 3y?> = 1. As shown already, we obtaim2- (2m+-
1)v3 = (2++/3)". In order forn to be integral] must be odd. It follows that@= (2 +
\/§)2k+1+(2_\/§)2k+1_ FinaIIy,

(1+v3)*(2+v3)* +(1-v3)*2-v3)* -8 _ \2

2n—1=
4 )

wherebyN is an integerN = % ((l+ V3)(2+V3)K+(1-V3)(2— \/§)k>.

. If nis an integer such than3+- 1 and 4+ 1 are both squares, prove thmeis a multiple of 56.

Solution. Let us find all sucm. Denoting 31+ 1 = a2 and 4+ 1 = b we have(2a)? — 3b? =
1.

We shall find all solutions of? — 3b2 = 1 with an everx = 2a. The solutions of the Pell’s
equatioru? — 3v? = 1 are given by(u,v) = (U, k), whereuy +viv/3 = (2+ v/3)K. One easily
sees thatyy is even if and only ik is odd. Thugx,b) = (ux1,Vok+1), Where we also have

2up 1 = (24 V34 (2 V/3)2HL
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It follows that(a,b) = (Juac1,Vakr1) andn= 3(a?— 1) = &(u3, . ; — 4), which yields

48n = (T+4V3)* 4 (7-4v3)* 14

2 <72'<+1 7+ 48(2";r 1> 721 4@ (Zk; 1) TG > .

We thus obtain a simpler expression fpmaking the divisibility by 56 obvious:

72+l _ 7 2k+1 2k+1
n:T+z( ;)72k—1+2.48( 2+>72k—3+...

10. Prove that the equatioR —dy? = —1 is solvable in integers if and only if so%$ — dy? = —4.

11. Letp be a prime. Prove that the equatin— py? = —1 has integral solutions if and only if
p=2orp=1(mod4).
Solution. If the considered equation has a solutiety), thenp | x>+ 1; hence eithep = 2
orp=1(mod4).
Forp=2,x=y=1Is a solution. We shall show that there is a solution for gariime
p=4t+1. A natural starting point (and the only one we see!) is thsterce of an integral
solution(xg, o) with Xo, Yo € N to the corresponding Pell’'s equatio@:— pyczJ =1. We observe
thatxo is odd: otherwisg? = py = 3 (mod 4). Thus in the relatiof — 1= (xo— 1)(Xo+1) =
pys, factorsxo + 1 andxo — 1 have the greatest common divisor 2, and consequently one of
them is a doubled square (to be denoted k8) 2nd the other one2times a square (to be
denoted by Py?). The case+ 1 = 2x%, xo — 1 = 2py? is impossible because it leads to a
smaller solution of Pell's equation? — py? = 1. It follows thatxg — 1 = 2x%, Xg+ 1 = 2py?
and therefore® — py? = —1.

12. If pis a prime of the form K+ 3, show that exactly one of the equatiods- py? = +2 has
an integral solution.
Solution. This is very similar to the previous problem. At most one haslation. Now if
(Xo0,Yo0) is the smallest solution of the corresponding Pell’'s equif xo + 1 are not coprime,
the equality(xo — 1) (Xo+1) = py gives usxo = 1= 2x% andxo ¥ 1= 2py?, i.e. X2 — py? = +1,
which is impossible in either case. Therefaget 1 are coprime, which implieg + 1 = x?,
XoF 1= py? andx? — py? = +2.

13. Prove that8— 2 is a square only fan= 1 andn = 3.

241
14. Prove that h)% + 4 is a perfect square, then this square equals 9.



